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Abstract 

The Mellin-transforms of the next-to-leading order Wilson coefficients of the longitudinal 
structure function are evaluated. 



1 Introduction 



For the study of the scahng violations of deep-inelastic scattering structure functions different 
techniques were developed [0, 0. In most of the approaches the evolution equations of the 
parton densities are solved as integro-differential equations in x-space |Q. In the case of twist-2 
operators the Mellin-transform M[f]{N), given by 

M[/](iV)= ['dxx'^-'fix) , (1) 
Jo 

maps the convolutions between the parton densities, splitting functions, and coefficient functions 
into ordinary products, which leads to a considerable simplification of the problem 0. Here 
denotes the integer moment-index. The analytic continuation ^ of the functional M[f]{N) into 
the complex plane is later used to perform the inverse transformation to x-space. It appears useful 
to apply the Mellin-representation not only for the evolution equations of the parton densities 
but also to the structure functions themselves. Their representation in x-space is then obtained 
directly by a single inverse Mellin transform. For various next-to-leading order studies which 
were performed so far, as e.g. of the structure functions F2{x, Q'^),gi{x, Q^), and xF^i^x, Q"^), the 
coefficient functions were requested only in 0{as) and the above procedure has been followed 
already. In the case of the structure function Fl{x,Q'^) the NLO expressions [4-6] contain as 
well the Wilson coefficients in O(a^). They were calculated in the ^-representation in ref. 
for the quarkonic and in ref. |^ for the gluonic coefficient functions, where also the results 
for the quarkonic coefficient functions of ref. |Q were confirmed. A careful check of all results 
was performed in ref. where a series of integer moments was evaluated both numerically and 
analjd;ically and compared to the results of an independent calculation, ref. [0. Previously the 
x-space expressions were used in various studies, see e.g. 0. 

It is the aim of this note to shortly present the representation of the coefficient functions 
in Mellin-iV space and their analytic continuation to allow also to evaluate the longitudinal 
structure function at next-to-leading order directly within the approach used in ref. 0. 

2 The Wilson Coefficients in x space 

The longitudinal structure function Fl^x^Q"^) has the representation 

Fl{x, Q2) =x{Cns(x, Q') ® /ns(x, Q') + 6f [Cs(x, g') ® Q^) + Cg(x, Q^) g')]} (2) 

in the case of pure photon exchange. The symbol ® denotes the Mellin convolution 

A{x,Q^) ^ B{x,Q^) = f dxi I dx26{x - xiX2)A{xi,Q'^)B{x2,Q'^) . (3) 

JO JO 

The combinations of parton densities are 



Nt 



/Ns(x,g') = Y.^l[qi{x,Q^) + q,{x,Q^)\, (4) 

4 = 1 



1 



G{x,Q'^) denotes the gluon density, the electric charge, and 5/ = {YlfJi^D/^f, with Nf the 
number of active flavors. 

The coefficient functions Ci{x,Q'^) are given by 



I ^2 (2) 



(6) 



where = Q;s(Q^)/(47r). For convenience we list as well the coefficient functions in x-space, 
since we will give the Mellin transforms of the individual contributing functions separately below. 
The leading order coefficient functions are given by 



.(1) 



ACpz 

In the MS scheme the NLO coefficient functions read [4-6] 



(7) 

(8) 



.(2),JV5 



.{2),P5. 



ACf{Ca - 2CF)zi^A In z 

-4Li2(-2)[lnz - 21n(l + z)] - 8C(3) - 21n2z[ln(l + z) + ln(l - z)] 

2 

+41nzln2(l + -41nzLi2(2) + -(5 - 3^^) In^ ;z 

5 

-4 — [Li2(--2) + ln2;ln(l + z)] 



-4C(2) 



5^3 

ln(l + z)+ ln(l - z) 



5-3^2 
5 



+ 8Si,2(-^)+4Li3(z) 



, , 23, , 144 + 294z - 1729;z2 ^ 216^3 
+4L,,(-.) - - 1„(1 - ^) 



+8C2z|Li2(2) + ln^^ - 21nzln(l - z) +ln^(l - z) - 3C(2) 

3-22^, 6-25z, , 78 -355;z 

m z H ln(l — z) — 



3z ' 6z ' 36z 

—CfNjz |2 In z - ln(l -z)-^''^^^' 
16 



6z 



-CFNf[3{l -2z- 2z^){l - z) ln(l - z) + ^z^\L\2{z) z - C(2)] 
+ 9z(l - z - 2^2) Inz - 9^2(1 _ ^) _ (i _ 2)3|^ 

C^iV/(l62[Li2(l - z) +lnzln(l - z)\ 



(9) 



(10) 



+ 



32 



64 



32 



-z H z + 

3 5 15^2 

32 32 o\ , 2 1 

— z^ z:^ In^zH 

3 5/ 15 



[Li2(-^) + In z ln(l + z)\ + (8 + 24^ - 32z^) ln(l - z) 



32\ 

-104 - 624z + 288^^ In^ 



z J 



32 



64 



128 304 



336 



32 

isi 



+CAA^/|-64Li2(l - ^) + (322 + 322^) [Li2(-z) + In zln(l + z)\ 



+ (16^ - 16^2) ln^(l - z) + {-96z + 32z^) In z ln(l - z) 

+ (-16- lUz + —z^ + —) ln(l -z)+ 48z In^ ^ + (16 + 128z - 208z^) \nz 

2,, , 16 272 848 o 161 
+32.^C(2) + y + -.--.^-g;}, (11) 

with Ca = Nc = 3,Cp = {Nl — 1)1 {2Nc) = 4/3. The corresponding expressions in the DIS 
scheme are given in B. The class of basic functions is the same for both schemes. 



3 The Mellin Transform 

For most of the functions fi{x) contributing to eqs. (0-|TT|) the Melhn transforms may be evaluated 
straightforwardly^ They are listed in Table 1 for the individual functions. In these cases infinite 
(or finite) sums occuring may be traced back to representations being based on the functions 



which represent the sums 

with 
and 



N ^ 

Sn{N) = E , (13) 
k=l 



S^iN)=iJiN + l)+JE , (14) 



r{n) 

Here 7^; = —ip{l) is the Mascheroni constant and ({n) = SfcLi(l/^") denotes the Riemann 
^-function. One further may use Euler's relation 

Li2(l -z) = -U2{z) - lnzln(l - z) + ({2) (16) 

to reduce the number of functions in the above expressions. Similarly it is convenient to combine 
the functions Li2(— x) + lnxln(l + x) whenever they occur with the same coefficient to 

1~ 1 C(2) 
Li2(-a;) + lnxln(l + a;) = --^{x) + -In^x - , (17) 

since the Mellin transform of the function 

^ , , dz^ (1-Z 

^(x) = — In 



x/{l+x) Z \ Z 



turns out to be simpler than that of either Li2(— x) or lnxln(l + x). All these functions can be 
traced back to expressions which are built solely out of the functions ip^^\z), see Table 1. 

^Useful relations can be found in refs. Cg, 0|. 
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No. 



f{z,r) 



^Mn(l-^) 



ln{l + z) 



M[f]{N) 



N + r 

(-1)" 

(N + r) 



n+l 



r{n + 1) 



Si{N + r) 
N + r 

2 \ 2 



N + r 

1 - (-1)^+--! 



N + r 



Af+r+l 



ln(2) 



z' ln\l-z) 



SfjN + r) + S2{N + r) 
N + r 



2;''ln2;ln(l — z) 



Si{N + r) 1 



52(7V + r)-C(2) 



ln2^1n(l 



C(3) + 



C(2) _ Si{N + r) S2{N + r) 
N + r {N + ry N + r 



-Ss{N + r) 



z^ \n^z\u{l + z) 



-1) 



N+r 



Si{N + r) , S2{N + r) 



N + r 



{N + r) 



+ 



N + r 



+ S^{N + r)- 



C(2) 3C(3) 



2{N + r) 4 



N+r-l r 



2(iV + r) 



2 / iV + r - 1 \ 1 / N + r-l 

(iV + r)2 H 2 y^iV + r H 2 



1 /A^ + r - 1\ 41n2 
+ 2^^ I 2 j + (ivTTF 



l-(-l) 



N+r-l r 



2(A^ + r) 



(A^ + r)' 



-5*1 



N + r 



Z'U2{Z) 



N + rV 



C(2) 



Si{N + r) 



N + r 



10 



2;''Li2(2;) In z 



{N + r) 



Table 1 : Mellin transforms of basic functions contributing to the Wilson coefficients of Fl{x^ Q"^) in 
NLO. 
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No. 



f{z,r) 



M[fm 



11 



(N + r) 



+ 2- 



-1) 



N+r 



N + r 



S,iN + r)-a2) 
- C(2) 



l^K-iy^r fN + r 
2{N + r) r' 



2{N + r 



12 



z^'Lio(—z) \nz 



-1) 



2Si{N + r) 
N + r 



+ S2{N + r) 



■1) 



2{N + ry 

1 _ (_l)JV+r-l r 



2{N + ry 



2 fN + r-l\ 1 fN + r-1 

ivT7^^ I 2 j + [ 2 



41n2 ■ 

iV + r. 



13 



^^Li3(z) 



1 



N + r 



iV + r (iV + r)2 



14 



^,,,_,5i(iV + r) l + (-l)^+-i 



(A^ + r)3 



2(Ar + r)3 

C(2) 



2(A^ + r) 



V 2 



5i(^^^^^)+21n2 
3C(3) 



2(iV + r)2 A{N + r) 



Table 1 continued 



To the non-singlet coefficient function also the functions 



ln(x) ln^(l + x), Si_2 



-x] 



and Li2(— x) ln(l + x) 



(19) 



contribute, which lead to different sums. The Mellin transform of ln(x) In^(H-x) can be obtained 
by a serial expansion 



/ dxx'^ ^lnxln^(l + x) 
Jo 



+ 



2lE 

lE 

2N 



In 2 



N 



2^ V 2 



+ 1 



2^\ 2 



2E 



\ k{N + ky ■ 



(20) 



The infinite sum in eq. ( PP] ) is easily evaluated by a recursive algorithm. For numerical appli- 
cations one may use as well representations of log(l + x) in the range x e [0,1], cf. [0, as, 
e.g., 



ln(l + x) ~ ^ akX^ 



(21) 



k=l 



which are as accurate as 10 ^. The coefficients read 

ai = 0.9999964239 as = -0.4998741238 as = 0.3317990258 = -0.2407338084 
as = 0.1676540711 as = -0.0953293897 a? = 0.0360884937 ag = -0.0064535442 . 
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The Mellin transform of lna;ln^(l + x) is then given by 



dxx 



N-l 



16 



lna;ln^(l + x) ~ — ^ 



k=2 



{N + ky 



(22) 



where the coefficients bk are obtained by taking the square of the polynomial in eq. 

We furthermore observe that Si^2(— a^) and Li2(— x)ln(l + x) may be combined using the 
integral representation, cf. ||TT[|p|, 



= i{ln(l + x)U2{-x) - C(2) + Si,2(-a;) - 2Li3(-a;)} = 



"dy Ml/)M1-1/) (23) 
1 + xy 



Since the functions Si^2(— a;) and Li2(— x) ln(l+a:) occur with the same weight factor they can be 
delt with together with the help of the representation eq. (]23|). In evaluating the Mellin-transform 
the x-integral yields 



E(-i)' 



y 



fc=0 



N + k 



$(-y,l,iV). 



(24) 



Here the function a, 6), ref. |T^, is related to the generalized Riemann ^-function (^(c, n) |]T1 
Calculating the y-integral by using eq. (6) of table 1, one finally obtains 



m[f,]{n) = y: 



k=0 



N + k 



^(2 + fc)+7B ij'{2 + k) 



ik + l] 



k + 1 



(25) 



The representation eq. (|25| ) is fastly converging since for large values of k, ilj{k) ~ ln(A;) and 
ip'{k) ^ 1/k. As in the case of the Mellin transforms of other functions emerging in the x-space 
representation of the different coefficient and splitting functions the poles in eqs. ( pOD and ( p5D 
are situated at the non-positive integers. 

We finally would like to comment on the analytic continuation of the sums 



N 



SniN) = J2'-^S^{k) , n>2. 



k=l 



(26) 



which emerge in some of the Mellin-transforms. 5^2 (^) contributes, e.g., to the NLO anomalous 
dimensions. By using the relation 



In 



1 



\A;+n-l 1- 



2"r(n) 



(n-l) 



'k + V 



(n-l) 



+ 1 



(27) 



one may express Sk{N) as 



Sn{N) 



Si{N) 



E(-imo{(i-^)c(--/+i^ 



\n~l 



2n-i+^T{n - / + 1) 



{n-l) 



N 



(n-l) 



C(n) ln2-(-l) 



N 



1 X^-^Un{x) 

ax 

1 + x 



f N + l 
V 2 



1 Li„(x) 
dx- 



l + x 



^Note a misprint in eq. (3.12.22) of ref. The factor in front of \Aj,{—h/a) should be 2. 



(28) 
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where the Melhn-transform of Li„(a;)/(1 + x) is given by 

"1 , LiJx) 



M[F2]{N) = I dx4 
Jo 1 



X 



+ X 



CO 



(29) 



The series eq. (|29|) converges rather fast for n > 2. For the special case n = 2, being delt with 
before in ref. |TH], one obtains from 



with 



-1 



Si{N) C(2) 
2 



G{N) 



' dxx^-'^''^'^ 



1 + x 



1+x 



C(2)ln2 - -C(3) and G{N) = 



N+1 



(30) 



(31) 



For n = 2 the series eq. ([29| ) converges slowly since the modulus of the expansion coefficients Ck,2 
approach ({2)/2 = 7r^/12 as A; — > oo and the series is essentially logarithmic. One may, however, 
rewrite M[F2]{N) as 

M[F2]{N) = C(2) ln(2) - dx x^'^ ln(l + x) \{N - l)Li2(a;) - ln(l - x)] . (32) 

Jo 

Again the function ln(l + x) can be represented by eq. (0) yielding 



M[F2]{N) = C(2) ln(2) - ^ a, (iV - 1) 



k=l 



C(2) 



ij{N + k) + -fE 

N + k-1 {N + k-iy 



+ 



ij{N + k)+jE' 

N + k-1 



(33) 

which holds at an accuracy of better than 4-10 ^ for e [1, 20] . Another approximate expression 



for M[F2]{N) was given in [|T5 
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